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A variable geometry truss is representative of adaptive structures, whose shape can be intentionally altered
through shortening or lengthening its adjustable length members, and so has gained some applications in space
engineering including space robots, payload isolation, and so on. A new application of variable geometry trusses
is proposed, where variable geometry trusses, as components of some larger space structure, might be expected to
construct themselves through their adaptivity. Unlike applications such as space manipulators where a variable
geometry truss is considered to be fixed on some platform, in this case a variable geometry truss is free floating in
three-dimensional space. To this end, the approach on controlling the motion of a free-floating variable geometry
truss is discussed from the standpoint of kinematics. Through taking into account the conservation of momentum
of the structural system, a family of compact equations is provided to describe the geometry and motion of free-
floating variable geometry trusses. Based on the centroid displacement vector d of a variable geometry truss bay, a
group of pseudolinear equations for determining the geometry shape of a free-floating variable geometry truss is
obtained. With a simple representation for the angular velocity of a variable geometry truss bay, obtained here, the
orientation control for the bay's working plane is made possible. Finally, a simulation is performed to demonstrate
the validity of the derived equations.
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Nomenclature
Aitk = project matrix that maps the differentiation of vector

d of the fcth bay to the center-of-mass velocity of
the ith passive plane

a\ = position vector of the / th apex (i =0, 1, 2) of a
triangle stretched from its centroid

Dh,Dj = bay transformation matrix, namely, the transformation
matrix of the top plane of a bay with respect to its
bottom plane

d or di = centroid displacement vector that stretches between
the centroids of bottom and top triangles

gb = center-of-mass vector of a bay
gn = center-of-mass vector of a bay member
/ = identity matrix
/„ = inertial moment of a passive member of a bay
/ = length of members of a variable geometry truss (VGT)
/,, /„ = length of a member of a VGT including the members

of the middle triangular batten
lj, /„ = direction vector of a member of a bay
Mh = total mass of a bay
MG = total mass of the overall VGT structure
mn = mass of a bay member
n i = normal vector of the bottom plane of a bay
HI — normal vector of the top plane of a bay
P = project matrix that maps the differentiation of vector d

to the angular velocity of the top plane of a bay with
respect to its bottom plane

pG = center-of-mass vector of the whole structure
pi = center-of-mass vector of the zth passive plane in an

inertial coordinate system
Rj = project matrix that maps the differentiation of vector d

to the ith nodal velocity that is defined in the bay
reference frame

r = altitude of the identical equilateral triangle with the
side-length of/,(V3/2)/

r, = position vector of an apex of a bay with respect to the
origin of an inertial coordinate system

r'. = position vector of an apex of a bay with respect to the
origin of the bay coordinate system

tj = center-of-mass vector stretched from the top plane of
the zth bay to the center of mass of the middle plane of
the same bay, and defined in the bay coordinate system

v = skew matrix of vector v
A = offset of hinge
p - mass ratio of a logic VGT bay to the total mass of the

structure
<l>() = vector expression of the orientations of the free

endplane of a free-floating VGT
cj or (jjj = angular velocity of the top plane with respect to the

bottom plane within a bay, and defined in the bay
coordinate system

Superscript

A = inertial coordinate system where a vector is defined
or to which a project matrix maps a vector

Subscripts

i - layer number within a bay for vector r and matrix R
A = inertial coordinate system with respect to which a

passive plane rotates, used for u and D

I. Introduction

T HE concept of an adaptive structure is new to the field of space
structures.1'2 It describes a structure whose geometrical con-

figuration and physical characteristics can be intentionally varied
to meet mission requirements and space environmental conditions.
Adaptive truss structures are representative of those various adap-
tive structures. An octahedral variable geometry truss (VGT), as an
adaptive structure, was first proposed by Miura and Furuya,3 whose
fundamental module was composed of a pair of lateral triangular

battens and six diagonal members. Two adjacent modules, which
share one lateral batten, comprise a repeating unit of the truss. Then,
the overall structure is formed through the repetition of units in a
longitudinal direction (Fig. 1). By altering the length of members of
the lateral batten, which are equipped with actuators and encoders,
various configuration changes of the structure could be achieved.

There have been many studies on the geometry of VGTs. Miura
and Furuya3 suggested a group of formulations to describe the ge-
ometry of a simplified VGT in which three angle parameters are used
to express the nonlinear relationships of a VGT. Recently the kine-
matics for a generalized VGT unit was also proposed.4 Naccarato
and Hughes5 presented the curve kinematics of VGTs, based on the
inverse kinematics of a so-called VGT bay, to achieve their mo-
tion controls when they are used as space robots. Because adaptive
trusses are usually equipped with a large number of actuators, they
can offer more dexterity than conventional robot arms and so have
found several applications in space robots, serpentine manipulators,
payload isolation, and so on.

An alternate application for a VGT in which VGTs are used as
the components of a larger space structure might be explored. In
this case, a VGT will construct itself into another structure through
its ability to change its shape. Figure 2 shows an example of such
an application where two endplanes of a VGT are to be docked with
other components, in which case the redundant actuators could be
employed to meet extra requirements such as some needed change
of shape, obstacle avoidance, etc., because of the construction envi-
ronment of a large space structure. Basically, a VGT in this case is a
free-floating structure in three-dimensional space so that a docking
procedure is carried out without any base-fixed endplane. Obviously,
this is a different case from the docking of space manipulators of
VGTs. The key issue here is that the mutual reaction of the two
endplanes must be taken into account, which means the kinematics
and control method for the docking treatment of VGTs with one
base-fixed endplane are no longer suitable. Concerning the con-
trol method and kinematics of a free-floating multibody system,
Umetani and Yoshida6 derived a generalized form of the Jacobian
matrix by introducing the conservation law of momentum to repre-
sent the dynamics of a free-floating system. Based on the concept
of the so-called generalized Jacobian matrix, the docking of a free-
floating structure in two-dimensional space was treated.7 However,
only the link structure that is inherently a two-dimensional structure
system has been dealt with to date.

In this paper, the authors present a family of compact formula-
tions concerning the kinematics and control of a free-floating VGT
in the three-dimensional space. By taking the conservation of mo-
mentum of the structure system into account, a group of pseudo-
linear equations for the geometric shape of the structure is estab-
lished in terms of vector d, the centroid displacement vector of a
bay proposed in Ref. 5. Moreover, the computational formulations

Fig. 1 Variable geometry truss.

Docking plane and
direction

Docking plane and direction

Fig. 2 Alternate application of VGTs.
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of angular momentum are also expressed with vector d of a bay.
Based on the simple form of the angular velocity of a bay derived
in this paper, a compact control equation for the orientation of the
docking plane is obtained. To demonstrate the validity of the derived
equations and with the objective of facilitating space construction,
a simulation is performed and the simulation results are provided.

II. Kinematics of a VGT Bay
A bay is a truss unit that is composed of two VGT modules3

with the assumption that both the base and the top lateral trusses are
identical equilateral triangles and whose members always keep the
same length as all of the diagonal members, with only the middle
lateral truss being able to vary the length of its members. (See Fig.
3.) A geometric model of one VGT bay is shown in Fig. 3.

It needs to be made clear that all of the geometric vectors within a
bay are represented in the bay coordinate system that is mounted on
the bottom plane and is defined in Fig. 3b. For the sake of simplicity,
the three planes (bottom, middle, and top planes shown as Fig. 3)
of a bay are further divided into seven layers sequentially from the
bottom to the top, which are numbered from 0 to 6. Each layer relates
a triangle with nodes (0, 1, 2).

A. Geometry of One Bay
1. Control Variable of a VGT Bay

Instead of using the geometric representation of a VGT bay sug-
gested in Ref. 3, the vector d proposed in Ref. 5, which is the centroid
displacement vector that stretches between the centroids of the bot-
tom and top triangles, is selected to be the control variable of a bay.
This treatment implies avoiding the kinematics to directly achieve
the inverse kinematics of a bay.

2. Rotation Transformation Matrix
Because of the symmetry of a VGT bay (Fig. 3a), the rotation

transformation relating the bottom plane to the top plane, which
is defined to be the bay transformation matrix, becomes (also see
Ref. 5)

where

Dh((p, v) = cos<p/ + (1 — co$(p)vvT — sin^v (1)

cos<p = n[tt2 (la)

n2 = [2(ddT/dTd) - I]n{ (Ib)

v = ir^-—\ = v^——»*n\ (lc)

3. Apices in the Middle Plane
The position of an apex on the second layer (Fig. 4) is given by

fi =Ph-l i € (0,1,2) (2)

-... bottom plane

a) Bay b) Bay coordinate system

Fig. 3 Geometrical model of a VGT bay.

where

Fig. 4 Apex of the second layer.

2r- = in/ + r cos 0,-e/ + r sin 9in\

Oj = arcsin(#//A/) — a/

= ydTd - rtf

(2a)

(2b)

(2c)

(2d)

(2e)

(2f)

where in,- is the position vector stretching from the middle point of
the side (j , k) to the origin of bay coordinate system and ei is the
direction vector perpendicular to the side (j, k) on the 1st layer.

Then the remaining apices in the middle plane can be represented
by

i e(0, 1,2) (2g)

4. Apices of the Top Plane
With vector d and transformation matrix Db, an apex vector in

the top plane with respect to the origin of the bay coordinate system
can be easily obtained (Fig. 3b):

1. 7 = 5j e (5,6), i e (0,1,2),

B. Differentiation Within a Bay
To achieve motion control of a VGT, the first-order differentiation

plays a key role. Here, the key issue is that we can use vector d to
represent the various differentiating variables within a VGT bay.

L Angular Velocity of a Bay with Respect to the Bottom Plane
To handle the orientation of the top plane of a bay, the concept of

relative angular velocity of a bay is introduced, and is defined to be8'9

(4)

Using Eq. (1) and after a tedious derivation (see Appendix), a; can
be solved and represented as follows:

u = (2/dTd)(dxd)

Furthermore, we can write it in the form of a matrix

w=Pd

P = (2/dTd)d

(5)

(6)

(6a)
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2. Apical Velocities of the Middle Plane
Differentiating Eq. (2a), we have the expressions

^p-=2Rid / e (0 , l , 2) (7)at

iRi = qtf (7a)

(7b)

0i = arcsin(#//A/) (7c)

qi = r cos 0//ii — r sin #/£/ (7d)

Similarly, we obtain the following equations from Eq. (2g):

^p-=jRid j 6(3,4), i € ( 0 f l , 2 ) (8)

Nth docking

2nd bay

plane

Fig. 5 Chain model of the structure.

- (ddT/dTd)] (8a)

3. Apical Velocities of the Top Plane
An apical velocity of the top plane can be solved by directly

differentiating Eq. (3), whose expression is given in the same way
as Eqs. (7) and (8) with a different representation for matrix/?, where
matrix R is given by

7 6 ( 5 , 6 ) ,

4. Determination of Actuator Speeds
With control vector d of a bay, the speeds of actual actuators,

namely, the change rate of three variable length members in the
middle plane, can be easily obtained. Express the current lengths
of these three length- variable members with a vector L •= {/,-},
i e (0, 1 , 2) , and let // (/ = 0, 1 , 2) be the direction vector of the /th
member in the bay reference frame. Note that /o = IQ - (^r\ — 3^),
where /0 = (3^ — 3/0)7/0 (Fig. 3 a) and 3/^(7 = 0, 1) can be solved
by Eq, (8). The values of the other two actuators can be obtained
similarly. Ultimately we have the expression

L = /i (3^2 — 3^4)
0 — 3^2)

(10)

III. Motion Equations of a Free-Floating Structure
A. Chain Model of the Structure

The structure shown in Fig. 1 is characterized by a chain of bays.
(See Fig. 5.) However, a problem arises when the bay model as
described is assembled into the structure as a component because
the two adjacent bays share a common triangular batten. To eliminate
this construction redundancy, a logic bay and a virtual bay model
are introduced.

A logic bay, slightly different in construction from the bay as
shown in Fig. 3, consists of two lateral triangular trusses (a middle
plane and a top plane seen in Fig. 3), a virtual bottom plane that
has no real constructing members and that will be replaced by the
top plane of some other logic bay when the structure is constructed,
six diagonal members to connect two lateral trusses, six diagonal
members to anchor the logic bay to the virtual bottom plane, and all
corresponding hinges. Briefly, a logic bay embodies two real planes,
a virtual plane, and 12 diagonal members. For the sake of complete
description of the structure, the concept of a so-called virtual bay is
introduced, which is just composed of a lateral triangular truss with
no actuators equipped at its top plane.

A plane that has no changeable member may be called a passive
plane. Similarly, a plane equipped with actuators is called an active
plane. Moreover, to set up a proper model to describe the motion
features of such a structure, we label all bays by 0, 1, 2 , . . . , « ,

where 0 indicates the virtual bay. Accordingly, all of the passive
planes that correspond to the top planes of bays are numbered with
0, 1 , 2, . . . , n. If we set the XY plane of an inertial coordinate system
to be the —1st passive plane to observe the motion of the structure,
it is easy to find that rotation of the /th passive plane is achieved
through the consecutive rotation of each plane from the Oth to it.

B. Rotation of a Passive Plane
Letting ADt be the transformation matrix of the /th bay with

respect to the inertial coordinate system, and letting the bay trans-
formation matrix of the /th bay be D/ [see Dh in Eq. (1)], we can
write

(ID

Similar to Eq. (4), the angular velocity of the /th plane with respect
to the inertial coordinate system is defined to be

where the superscript A of a; indicates that u; is defined in the inertial
coordinate system and the subscript A shows that the rotation is with
respect to the —1st plane, namely, the inertial coordinate system.

After differentiating Eq. (11), we can arrive at

(13)

where u>7 is the angular velocity of the top plane of the j th bay with
respect to the bay coordinate system, which can be obtained from
Eq. (5) or (6). Let

^ (13a)

Obviously, Eq. (13a) is just the alternative expression of a;,- in the
inertial coordinate system. Hence, we can rewrite Eq. (13) as

(13b)

Using Eq. (6) and noting that it is easy to represent a; of the virtual
bay in the same way as Eq. (6), then after rearrangement, we can
rewrite Eq. (13b) into

(13c)

where 3>o stands for the orientations of a free endplane, which is
expressed in the form of a vector.
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C. Center-of-Mass Vector of a Passive Plane
Basically, the mass of a passive plane includes the sum of the

concentrated masses of three hinges and the masses of three lateral
members. Because the mass of a diagonal member of a bay can be
evenly converted onto its two endpoints, a diagonal member can be
viewed as null mass after adding a concentrated mass of ra/2 to each
hinge of the passive or active plane to which it is connected. Thus,
the mass of a passive plane also involves the sum of the masses of
three diagonal members. Letting the masses of a passive plane and
an active plane be Ml

p and Ml
a, respectively, then the total mass of

the structure can be obtained by summing the masses of all passive
and active planes. Thus, the geometrical definition of the center of
mass of structure is given by

and takes the form

MGPG = M'fp, M(}
p pn (14)

where N is the number of the bays that comprise the structure and
pita is the center-of-mass vector of the active plane in the /th bay.
Assuming that all passive planes, all active planes, and all lateral
members have same geometric and physical composition, we can
define p as

P = PJ = pj
a + PJ

P = (MJ
a'/MG) + (M'P/MG) (o < j < N)

A / f N I \x /I C\Pt — PN — M / MQ (LJ)

(0< ;<AO

and express p/^, as

Pi.a =Pi ~ (16)

wherep'i a is the center-of-mass vector of the active plane of the /th
bay with respect to the origin of its bay coordinate system.

Note that Ati, Adj,pia, and/?/ are all defined in the inertial co-
ordinate system. Considering the chain feature of the structure, we
can establish the following recursive formulation:

pi-pi_l=Adi (/ = !,..., AT) (17)

With Eqs. (14-17), we can obtain the following equation for the
center-of-mass vector of the /th passive plane:

(18)Pi = KUAdJ + PaAtj +PG (/ = 0,

where

D. Center-of-Mass Velocity of a Passive Plane
The center-of-mass velocity of a passive plane is a key to de-

termining the change of shape of a free-floating structure, and to
controlling its motion. Differentiating Eq. (18), upon substitution
of Eq. (13c), we can obtain

pi = paTj)dj (19)

where
N

= E <
j=k+l

Pa
Atj) (20)

and Tj(j = 1, N) is a project matrix, which satisfies

(21)

where 3/?{ is solved by Eq. (8a), ra/ is the equivalent mass of each
hinge, which is contributed to by the concentrated mass of hinge
itself as well as the encompassed masses from both lateral members
and diagonal members that are connected to the same hinge. Here,
it is assumed that the change in m/ because of the elongation or
contraction of active members on the middle plane is negligible.
The reason is that this influence is much smaller compared to the
other terms in Eq. (20), as will be observed later in Eq. (27).

At this point, it is of interest to have a closer look at Eq. (19). The
first item of Eq. (19) describes the influence on the velocity of the
/th bay because of the relative rotations of the whole bays including
the /th bay itself, and the second item reflects the translation of the
top plane of the /th bay that stems from the translation of each bay
of the structure because of the change of its d vector. Especially, let
us pay attention to the following relationship:

pfk = Auk x A7ri>k

which gives the velocity item contributed to the /th passive plane
because of the relative rotation of the k\h bay with an equivalent
position vector TT/^. Consequently, TT/^ behaves as an equivalent
rigid arm that stretches from the &th passive plane, namely, the top
plane of the £th bay, to the /th passive plane.

Equation (19) can be rewritten in matrix form after substituting
Eq. (13c)intoit:

Pi = / ^ RAitkdk + y TAitkdk

where

A A ~ An
„ i,k = — 7Ti,k "k

TAitk = ADj.-l(KikI + paTk)

Combining RAitk and TAitk into a unified form

RAitk + TAi>k 0<k<N

(22)

(22a)

(22b)

(22c)

then Eq. (22) can be expressed in a more perfect form:

pi = A/.oio + (22d)

where A/ to is the reaction to the /th plane from the free endplane,
namely, the Oth plane. Vector*/* in the preceding equations is defined
in the bay coordinate system.

IV. Angular Momentum of a VGT Structure
Here a logic bay is taken into account, and the bay coordinate

system that is located on the virtual bottom plane and defined in
Fig. 3 will be utilized to represent the vectors within a logic bay. A
bay model with seven layers, where the first layer virtually exists,
is still used to describe the geometry of a logic bay.

A. Angular Momentum of a Passive Member
As is known, the general representation of the angular momentum

of a rigid member is given by

Hn= I
J(jj

rxvdm= + mngn x gn (23)

For a passive member, a general case, which, as shown in Fig. 6,
describes a spatial nonuniform bar, is treated here to offer a general
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Fig. 6 Passive member.

representation for computing the member's angular momentum. As-
suming that its center of mass is point C, the position vectors of its
two endpoints are */•/ and mr/ , respectively, and its angular velocity
with respect to an inertial coordinate system is Lon, then the velocity
distribution for an arbitrary point on it can be obtained as follows:

rn,x = gn + S(jJn X /„

Because the velocities of the two tips of the bar are */•/ and mr/ ,
respectively, and un •/„ = 0, then cjn, as well as the differentiation of
gn in the preceding equation, can be expressed as the differentiation
of kri and ,nr7-. Using Eqs. (7-9) and (12), we can obtain

x + ADb-ijRidb j e (fc, m)

where ADb-i and A^-I describe the rotation of the bay coordinate
system with respect to an inertial coordinate system [Eqs. (11) and
(13c)] and/?/,_i is the base vector of the bay coordinate system.
Finally, we arrive at

gn ~pb-\ + A^-l X Ag'n + A'Db-l + Wndb

LJn = ln X X-l X /„ + (!//„)/„ X (ADb.rWndb)

where
+Wn = [1 - (lin • (Hn/ln)mRj (24)

R/ (24a)

Consequently, the angular momentum of a passive member can be
expressed as

Hn = mngn x pb_i + Vndb + Zn

Vn = mngnADb.} + Wn + (In/ln)~lnA

Zn = -l~l~ln - mngn
Ag'n

(25)

(25a)

(25b)

B. Angular Momentum of an Active Member
For active members of a free-floating VGT structure, a simple

though very useful model is established in Fig. 7, where an active
member is viewed as a compound member of two passive members.
Thus, the two passive members have the same rotation with respect
to the inertial reference frame and the relative translation along their
common axis. It is easy to verify that Eq. (23) is still available for
computing the angular momentum of active members. However, the
inertial matrix /„ here must be of the compound member around its
center of mass.

Assuming the two passive members of an active member to be S
and C bars, respectively, then the mass center vector of the active
member relative to the bay coordinate system becomes

* = (26)

where m;ii.y and mn>c are the masses of bar S and C, respectively.
Observe that

Fig. 7 Active member.

then substituting them into Eq. (26), after a tedious derivation, we
arrive at

««,/ = [1 - (mntC/mn)] + Tin and anj = (mn,c/mn) - nn (21 a)

nn = (mntC/mn)(lcn/ln) - [1 - (mn>c/mn)](lsn/ln) * (27b)

Moreover, differentiating Eq. (26) and noting that

(28)

(28a)

we can obtain

VB., = >,' - (^Hn)ln X /„ X (>;.

Similarly,

Vn,c = fa + (ICnllnVn X /„ X (fa

With Eqs. (27), (28), and (28a), we can have

Agn =X_! X A8n + ADh-{
 + Wndh +7tnlnX ln X

(29)

Substituting Eqs. (27) and (29) individually into Eq. (23), we can
write the same expression as Eqs. (25) and (25b) for the angular
momentum of active members with a different representation for
matrix Vn , which takes the form

Vn = mngnADb-i + Wn + (In/lnVnADb-l-Wn

ngnJnlnADb,i-Wn (30)

where ~Wn takes the same form as Eq. (24a) and +Wn is found by

+ Wn = [1 - (mntC/mn)]kRi + (mntC/mn)mRj (31)

C. Total Angular Momentum of a Bay
The total angular momentum Hb of a virtual bay can be obtained

by summing up the angular momentum of those components just
derived and can be represented as

h = Mhgb (32)

— Ar'~~ ' and _ A / _
~ m'j L

where matrix Vft stands for the contribution to Hb resulting from
the change of vector db of a bay and therefore governed by the
geometric and physical properties of the bay itself; Zh then shows
the coupling effects with the other bays through the rotations of
those bay coordinate systems.
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D. Total Angular Momentum of the Structure
Upon the substitution of Eqs. (13c) and (22d) into Eq. (32) and

the summation of the angular momentum of all bays of the structure,
we are able to obtain the total angular momentum H

(33)

Zh ° Mh &b Ah~i-Q (33a)
h = l

N / N

J = M()p()A()J + Vj + Y^ MhgbAb-ltj + I T Zh \AP
h=j+l

h j

(33b)

E. Conservation of Momentum
In the preceding sections, we presented both the position and

the corresponding velocity governing equations (18) and (22d), as
well as the orientation and angular velocity control equations (11)
and (13c). In the course of deriving Eq. (18), the integral form of
the conservation of translation momentum has been used with an
implicit assumption: the structure is set in a conservative dynamic
system and is initially static. Note that these equations alone are
unable to describe the structural motion completely. In fact, there
is still no way to relate the orientations of two free endplanes of a
free-floating VGT structure, which could be provided by the law of
conservation of angular momentum of the structure system.

When a VGT structure is in a completely free-floating state, in
which no external force is applied, Eq. (33) becomes

+ = const (34)

If the structure is still assumed to be initially static, const will be
zero, so that

(35)

V. Simulation
To test the validity of the equations derived in this paper and with

the aim of future applications of adaptive structures to space con-
struction, an object-oriented program system VGTMOT10 is devel-
oped to perform the digital simulation and practical experiment con-
trol for a VGT set in the laboratory (Fig. 1). There are many potential
applications for the equations proposed in this paper. Here, the com-
puter simulation is carried out for a significant application of free-
floating structures, namely, the docking problem raised in the intro-
duction. The computing model comes from a practical four bays'
VGT structure, whose specifications are listed in the Tables 1 and 2.

Assume that the structure is in a fully packed preliminary state
and the origin of an inertial coordinate system is set to coincide
with the center of mass of the structure (Fig. 8). The position of the
docking target is specified in Table 3. First, a prepared deployment of
the structure along the Y axis is done to make the docking endplane
enter to the region of the docking plane. Then, through maneuvering
both the center of mass and the orientation of the right endplane, as
shown in Fig. 8, by a prespecified trajectory, if the time step is set to
be 0.3 s, then after 23 steps the endplane succeeds in reaching the
docking port accurately. The resolved motion rate control approach

Table 1 Specification of the computing model

Total
structure

Diagonal
passive member

Lateral passive
member Hinge

Weight, kg
Length, mm

23.13 0.04
400
200

0.74
400
158

0.05

16

Table 2 Specification of active members

Compound
bar

Left bar
Right bar

Weight, kg

0.73

0.5
0.23

Length, mm

356
334

Maximal
//a length

620

155
262

Minimal
length

400

aHere // corresponds to Is for the left bar and Ic for the right bar, respectively (Fig. 7).

Table 3 Position specification of docking target

Position of mass center
of docking plane

Orientation of docking plane
(Euler angles, deg)

<£ 0 \y

-5.67 -1217.3 154.3 59.40 0.2 0.0

elongate •<- —>- elongate

docking plane

Fig. 8 Installation of docking mechanism.

-2.97

i

(6.45, -2.97, -96.99)

(2.5, 620.73, -16.77) (0-85, -629.39, -63.00)

(-7.59,1236.94, 111.17)

i docking plane
T

(-5.50.-1218.24, 149.86)

Fig. 9 Docking procedure.

2.0,

1.5. L
1
•a »-o.
fc 0.50.
I

0.0,

-0.50.

time (sec.)

Fig. 10 Orientation-time curve of the free endplane.

is used to achieve control, and the Moore-Penrose inverse is used
to solve the inverse kinematics. The shape changing procedure and
the final shape of the structure are illustrated in Fig. 9 with vector
d of each bay. The altering procedure of the orientation of the free
endplane is shown in Fig. 10.

VI. Conclusions
An alternate application for a variable geometry truss is proposed.

With the aim of their realization in future space construction, the
kinematics of a free-floating variable geometry truss are investi-
gated, and a family of compact equations describing its motion
control in three-dimensional space is formulated on the basis of the
conservation of momentum of the structural system and the centroid
displacement vector d of a bay. To test the validity of the derived
equations, a simulation of a docking control for a free-floating vari-
able geometry truss is carried out.



HUANG, NATORI, AND MIURA 763

Appendix: Relative Angular Velocity of a Bay
A. Basic Operations on Vectors and Skew Matrices

If a = {a\, 0,2, #3} is a direction vector, i.e., aTa = 1, then we can
have

ad + / = aa (Al)

For arbitrary vectors a, b, and c, we can establish the following
relationships:

ab = baT - (aTb)I (A2)

if c = b x a, then c = abT - baT (A3)

B. Derivation of the Relative Angular Velocity of a Bay
Before we begin to derive the angular velocity of a bay, some

necessary results are needed, which are obtained by differentiating
Eqs. (la) and (Ic) expressed as

d(cos<p)
dt =W>-"2¥ (A4)

d(vvr)
—— -——3——1 ' x VT

dt \\dxn\\\*>

H-v(if xfli) r-2[VV xnOJvv 7 } (A5)

We know that the relative angular velocity of a bay has been defined
to be [Eq. (4)]

Differentiating Eq. (1), we obtain
d(cos<p) T TDb = ———^- (/ - VVT + crg^? - vr)

dt

*L+l-<*»«> M
dr l l r f x m i l ^

f xn1) r-2[v r(d xn,)]vv r}
Let

(A6)

where

dt
T T_ wr + ctgcp • vT)[co$(pI

+ (1 — cos (p)vvT + sin (pv] —1 d(cos (p) _
sin (p dt

1 — cos cp
= -^ —— ̂Ik* x mil
— 2[vT(d x

•
+v(d

dvUK j</3 = sin (p • — [cos (pi + (1 — cos (p)vv + sin (pv]
dt

Then after a tedious simplification, we can arrive at
1

+ sin<p{v x [v x (d x
1 d(cos (p)

sin (p dt (A7)

Substituting Eqs. (la), (Ic), and (A4) into Eq. (A7) and noting that
vector n\ = (0, 0, 1) in the bay coordinate system, finally we can
obtain Eq. (5).
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